
 
Weidios Har 6 HwRead all examples in 6

let X be a scheme Recall that X is regular at x c X if

generators of Mx dim Ox

dima hn

Def X is regularincodimonone if every local ring
of dimension one is regular hence aDVR

Geometrically this means that the singular locus has
codimension I

gNoetherian

Ed If X SpecA dim p l codimP l So X is

regular iff Ap is a DVR for every codim I prime
This will automatically be satisfied if A is normal see A M

To define Weil divisors for the remainder of the section
we'll assume

A X is a Noetherian integral separated scheme which
is regular in codim one

e.g Noetherian normalschemesx
Def A prison on X is a closed integral
subscheme Y of codimension one A Weidivisor is
an element of DivX which is defined



DivX aiPi PiEX is a primedivisor ai e R n o

i e the free abeliangroup generated by the primedivisors

If D EaiPi is a Weil divisor and ai 20 for all i thin

D is effective

Since X is integral recall from Hw 3 that the function

field of X is K X Ox z the stalk at the

generic point Z You showed that K X is a field

and if U SpecA EX is open then K X field of

fractions of A

Let Y C X be a prime divisor Then by assumption
y stalk at genericpoint of y is a DVR

Note that Ox n lim Q u K X
any10

K X is the field of fractions of Oxn

Let U SpecA EX be an open affine meeting 4 i e

containing the generic point of Y Then Y corresponds to
a height one codim one prime PE SpecA

Then Ox n Ap do you see why which has field of
fractions K X



The corresponding valuation Vy K X Tl is called

the valuation of Y

We can write elements of K X as 4g Where tgeA
and Vy V f v g Recall that f highest

power of max 1 ideal at Ap containing f

Ex In IPI let V V x3 y t D z meets V and

it corresponds to P x3 y2z 13 HEY X y
x y

K P2 K H ECE

Op v QCX 4 p is the local ring w max 1 ideal X Y

vi II 0 since this is a unit

z3
Vµ z

1 since it is the inverse of a uniformZing

parameter

More generally if f c K X and Y CX a prime divisor

Vy f O f has a zero along 4 of that order

Vy f co f has a pole along 4 of that order



so e.g X Y has a zero along V X of order 2

Lua let X be a scheme and f E K X nonzero

Then Vy f o for all but finitely many prime divisors

YEX

Rf let U SpecA be an open affine on which f is

regular Set Z XIU a closed subset X is Noetherian

so 7 can contain at most finitely many prime divisors
Doyou see why All the others meet U

Thus it suffices to show that there are only finitely many

prime divisors Y of U for which Vy f 40

Since f is regular on U TEA so Vy f 20 and VyCf O
iff f e P where P is the codim I prime defining
Y These correspond to minimal primes of Ahf of which

there are only finitelymany Equivalently V f can only
contain finitely many closed irred subsets of U of

codim1 D

Elements of the function field define Weil divisors on

X as follows

Def let f e k x Define the divisor denoted f



by f ryCHY
YER
primedivisor

By the Iemma this is a finite sum Any divisor of this
form is called a principaldivisor

Note that if f g e k then 4g f g

In particular k't DivX defined f 1 f is a

group homomorphism with image the subgroup
of principal divisors The cokernel of this map
is called the divisordass groupotX denoted UX

Def D D c DivX are liquate written

D D if D D is a principal divisor That is if

D and D have the same image in Ct X

In general Ctx is hard to calculate but we can

calculate it in some examples

Ex X SpecA A a UFD We know from CA that A is
a UFD all codiml primes are principal Thus if
Y is a prime divisor then the corresponding codim I

prime P is principal Thus all prime divisors are

principal so all divisors are Thus ClX O



In fact the converse holds when X is normal

Def An integral scheme X is horeal if is integrally

closed for all xeX

Note that specA is normal Ap is int closed A is int closed
I check

Hint A nAp

Pep let A be a Noetherian integral domain Then A is

a UFD s X SpecA is normal and CIX O

PI D If A is a UFD then A is integrally closed
and we already showed that CIX 0

Let PEA be a codiml prime Weneed to show P

is principal Let Y C X be the corresponding prime
divisor

Since 4 1 0 there's some f c K s t f Y Thus

Vy t I so f generates the maximal ideal PAp E Ap

let P'EA be another prime ideal of codim one and Y
the corresponding divisor Then Vy f 0 so f CApi

Ties'Ilt
Thus f GodmpfP A In particular f c AnPAP P



So we just need that t P let g EP Then Vy g 21
and Vy g 20 for any prime divisor 4 sincego.AEApi

Thus Vy Hf 0 for all Y If C all Api 94C A
so f divides g g c f f P D

Example Divisors onIPL
let X IPL D E niYi E DivX We define the degree of

D to be
degD hidegYi

where degYi degree of generator of homog ideal ofYi

If f E K then f G H homogeneous of the same

degree d Thus G and H both define a union of

hypersurface whose degrees sum to 0 Thus

f EniYi Emig2j
i e

hypersurface hypsfsdefined
definedbyq by H

where deg f EnidegYi Engdeg2j D

Moreover any divisor of degree 0 is principal To see this
let D is a divisor and degD d We write

D D Dz



Where D Dz are effective of degrees d dz so that

d d de Let Gi bethe homog poly describing Di

we can find such Gi since an irred hypersurface in IP

Corr to a codim one homog prime in KExo Ah which

is principal Let Gi be the product of the corresponding
generators

By abuse of notation write Cri Di so that

D Ga Gz

D

Define f g od Then f G Ga DH where

It is the hyperplane Xo O

D DH In particular if degD O then

D O so D is principal This yields the following

Pep Cl IPL O

PI let deg DivX 21 be the degree function which

is clearly a homomorphism We showed that the kernel

is exactly the set of principal divisors Thus it induces

an isom deg cl X R D

EI let X be a scheme and 2 EX closed Set U X Z



If Y C X is a prime divisor then YAU is either

empty or a prime divisor on U Note it can't have

greater codim Ox y Ouy when the generic point of

Y is in U Thus we have a homomorphism

Ctx Clu

hiYi Enid AU

where we ignore empty YiMU Note that this is well defined

since if Fe K X
t
then f e k U so f f

Every prime divisor of U is the intersection of U w some

prime divisor in X so The map is surjective

If codimZ 22 then 2 can't contain any prime divisor
of X so the map is an isomorphism

If codimZ L and Z is integral then the kernel of the

map is generated by Z That is

Tl Ctx Clu 0 is exact
I 7

Ex If 7 EPI is a curve of degree d and U IPL Z

then we have Cl X E T and the image of 7 is d

so CIU E coker 7 7 Hdz
I d



Claim Cl X ECI X x 1A
I

X x Az

PI See Har 6.6

We'll use this to calculate the classgroup in the following

example

Ex let Q be the nonsingular quadric surface Xy 2 w in

IPL Recall That Q is the image of the Segre embedding

1PaxnPf IPL

see I Ex 2.15 in Hartshorne Do this problem if you've never

done it before

let p pz be the projections of Q onto the two factors

Then for each pi we define a map

CLIP Cl Q
D EuiYi pi'tD hip Yi

Note that since the genericpoint of Q maps to the

generic point of IP pi induces an inclusion of fields

k Ipl K Q

so if f e k IP we have PE Cfl f makingthe
map a homomorphism



t P P som t

Then Q Y IA IP and we

get a composition fp

CLIP'SLIQ LICIA xp

which is the isomorphism from above Thus pi Cand pi't
are injective We also have the exact sequence

7 ClQ CILIA xp 0
I y

But RECIP so this map is just pf so it's
1 pt

injective Thus we have

o Z ClQ CIC xp o

f pit
so by the splitting Iemma CtQ Impf Impf E 7 02

For any divisor D in CtQ D Ca b some a be 7 We

say D has type a b

Ex let A _K T y zz and let X be the singular
quadric surface X SpecA



YI ae ii 7tm
Note that Y has codiml

since A has dim 2 and

y Z E x y z Thus Y is a prime divisor so we have

7 Cl X Cl X y 0
I 1 Y

consider the localring y Acyz F is a unit so

the max 1 ideal is y z 22 Z Z

Then the divisor y 2 Y since y c Z in Ox y

Note that set theoretically V y E V y since

22 c y so y y ZZ Thus

X Y SpeeAy

Ay KC Y Y
y zz X Zyl so

Ay E kCy y Z which is a UFD so Ct X Y O

Thus we have 7 UX which is generated by Y and

24 0 Thus we have either Cl X O or z

However A is integrally closed check but not a UFD



Thus CIX 1 0 so Cl X z


