We il divisors (Hﬁ":ﬂ.(a) Hw: Read all eXanpu.s wm ILG.

(et X he o sthaume. Recal twat X i reqular  at x X i
#* gucatrg o M, T dim O, .
1
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(d)\mk-(m) /’V"\ ; \

bﬁ‘ X % Ve_qalav n odimensi'on 6oV s e\/cmj [occ:l Viv\j
6,( o dimension  ove % V@u(mr Uwvxu_ abVR)

G\WM'(-V\-C.QHh) This meoms That T singular  locug hecs

odinumsron > .

['\/oefl,‘_‘,,l-%1
El.(.' £ X‘Sp-cc,AJ df\m@xlp=l<=3 codim P = (. So X &
VCﬂM(O\.V ( ££ AF is a DVR fov every  wdim | prime.
(T\M"c will owhmh‘ca”ﬂ he satsfied £ A is hovmal S A'M)

To defive Weil divisovs, for Twe vemainder of twe section,

we'll assuuna

(X) X 1y a Noeheviom iv\kj\ra( se pavated schemma whith

XS Ve:ju(av in codim ova.
T——C-j. Noetueiam novinmal schawmas

D;e,.\c'- A privve divisor on X is a closed ivxl-c_jm(
substheanme Y 6 codivansion ome. A Weil divisov g
on elerent o Div X, which it defivad
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Div X := E‘_ZQ;'P; ,FP;QX 1S a privve divigoy, a;e/?J n 20'\3
=

i.e. T\M. ﬁra. q‘aell'av\ 3Vuup Wol(—d B\j M Pm'vvu. d{\/(goVS.

12 D=3aP is a Weill divisor awvd a:20 Hv all v, Man
D g e/(’@eoh'vt.

Sinee X ig nteqral, recall fom w43 twat Tae funchion
feld o0 X is K(X) =0, D™ shle oF fwe
geman-ic  point 2. You showed ™Mat K (X) ig a field
odl  if U=SpecA X iy opem, Twen  K(X) = feld of
fachins o4& A

Let Y S X ke a privne divisov. Twonn by assumphon
69‘,‘/ (stalk ot gnic point of \() iy a DVR.

Note tmat Ox)'L = L”’;‘ GX(LU — K (x).

uny :¢¢’

KXY is e field o frachons of Oy

Let U %(a-u, ASX he om 0 p a8\ na Vvu.,e:('l'l/\j \f (('-(.
Cmn{-m'lm'hj ™Mo Wic_ \oo\'wl- o,@ \/) M \{ COVVQMOOMOLS to
o (Ae,t'j\/\‘f ove  (codim O'VteS P vivae Pe Spec A.

Thn, GX;VL: A\° <0L0 You See whﬂ?)) which has field of
fachong K(X).
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Thae wlflft.quhdfl/j valuaton \)‘( : "<(X3 — /[ is called
e valuation @ Y.

We com wiite elenents oL K(x) as ’C/j Whie ve :f)j G—AJ
onnd ’VY(%)= v (F) - VCJ) Recall that 'V"(oc)=|nijh?—&4—
powe v A max'l deal ot AP ccsv,'f*aimit:j £.

6X: In [Paj [ef \/’\/(7‘3-412’). D:(2) meets V, owd
¢ comesponas o P- (7-3t2)- (@) 00r)
<7

K(P)-K(A)-C(3, %
Orp",v: @CX,V}P i$ twe local ring w/ max'] 1daal (XS-Yz),

3 . . _
Vv (%3 = (0 Sthie This 1§ a vau‘{‘_

2’ “ |
v, 9‘3_31% s=l, s it s e nverse of o vaxf{-’oku'ﬁg

|oonr0\ mter.

Move gumurally, it FeK(xX) o Y CK a prime  divisor,

V('f') >0 & ¢ hasa Zevo a(d\’\j \/ o€ that ovdev

Vy (#£)<0 & F has a pole a(o'v\j N o€ Twat ovde.



(%o 2.9. XZY ['wLS a Fevo alol/lj \/(X) o ovda. 2.3

Lomma: Gt X be a schume ond FeK(X)* nowzew.
T vy (fl=0 for all but Autkly wianmy prive divisors

Y X

EF" Cet u’%p-ec_A 93 O ofptrn olive. on whitl £ [%
Vﬂgulay, Set ?tX\U) o closed Subset. X i I\Joe_’huw'cw)

50 T Com comtaive ot most ﬁ'lnl'f-(.ly VVlQl/Lj primae i \isoVvs

( Do You Sex w%?)_ All ™M oTwars meet W.

Thuws i+ sufbices to show that ™Mere ave owly finikely mony
prime divisovs Yot U Hv which vy (f)=#0.

Sinee F is veqular on U, FEA | w ¥ (£) 20, ad fu;/GPO
(2 Fe P whuwe P is e codim | prinee a(f_g-w‘g
Vo Trese Corvespond to minimal primes o4 A/(ﬂ) od which
Mere ave only Auitely many (Equivalemtly, V() cm onty
Lontain  finitely ey Closed (vved. subsets o U 4

codim 15 a

E levnents o e fumchion Geld define Weil divisors om
X as ollows:

Def: Lt Fe K(XD)T DAine T divisor o8 £, denoted (F),




" (}3 YZ(Z vy (#)Y

rinae
Aivisov

(1313 ™Ma (Wma,'l'lx.fg s a ‘Fl.l/ll'l-( SMW\) AVLU AT Visov 04 TM('_S

form s called a  prncipal divisov.

Note That g jf)ﬂe R*) Twean (’C/\ﬁ\ = (ac) -(j)

In pavheulay, K — Div X) defined £—(f) is a
group L\MowovPL\"?WJ wiTh e ge e ?\A'ojlfl)\alo
oAt princi pal divisovs Twe okevinel of  This ma
is called e divigov class ghoup ol X , denoted CLK.

Def: D, D" € DivX ave h‘tuav(mj equivalemt | writhen
.D Nb/) i b_D/ 15 a PV;V\C{PQI diV\'SDV. T™wat iS] cf
D acdd D have e S imaﬂe_ in ClX.

w ﬂ,uwuvo\(, ClX is havd to CQ\C(AlCt‘('QJ but we Conn

caleulate (it in gomme exovvaples

Bk X=Spec A, A a UFD. We know fom CA trat A i
o UFDE= all codim | primes are principal. Thug, £

Y ig a prime  diwsoy, T twe Covvesponding codvvm |
priva P it principal, Thus  gll privee divisows owe

IOVfV\b\'loal) Yo alt dl‘\[[SD\rS Qle. M) Cl X = O



[n 1"uu‘, Mo Converse holds Wwun X s v\mnmql!

Def:  An iv\l—cjml (e X & hovmmal & & s ntegrally
cloged fv all »eX.

Note Twat SPq,A s novwg| & AP is ink. closed & A ig int. closed

Pop: bt A bhe a Nochwwian fv\(-cjm( dowain, T A g
a UFD & X =Spech is novual amd CLX =0,

PE: (= 1+ A g a UFD, Mt A ig inteqrally closed
ot e alqudﬂ showed twat ClX=0.

(=) Leb PCA he a codiml prinme. We need ® ghow P
ig pw‘mu'pa(. Let YEX pe Do covvcsyaov\d{m3 privve

dvwsov.

Sinee CIX-"O/ ‘h/u.ve‘s SOMme vtek S,jt. ("f)=\/. _D'W-SJ
V\{(ﬂ‘) ) |) so Yrn-af<s twe maximal ideal  PAp € AP.

Wk PCA be amotnu prime idual of  codina one ond Y
T\N’- COVV(SPU\/\d\'V\Ij d{\/l’SOV‘. T '\fy,('f')=o) So IFGAPI.

cowmm, a((;“_

{*
T\/\ULSJ £ emAP = A Iwn Pav‘h'wlav’ Fe AOPAP"'P

coohm P:l



S we jut heed that  (F) P Lt g P T vy (9)2 1
ol '\FY'(J) 20  fv amy  Prime divisor VO (sine 36'A€AP;)

Tws, V3 (2)20 o all Y = Yeeal Ay = YeA
‘o £ divideg § D 366:‘:3 = (-f—): P A

EXO\w\plx‘- Divisavs on FP:
(4 )(:{P:) D2ni7i e DivX Wwe define tue deqvee of
D f he

&jb=2mdg\/;
W letre d{’j\/\ = Juij,e, o SMA.ufo\‘("D‘v oA [/ld\'vtoj. ideal oA V.

(£ ac € k *J T Oc= ﬂ&_ ) CA, H l'\Uijg,wg,o\/Lg ot Twe savme
deguee d. My, G and H hoth define a umion oA
hy pgurfaces  whose @U-jvus sum  to 0. T,

(:H 2—1’\ Zm

'\ N
ﬂwwv#aus kvpii; dﬁ'ﬁmol

Wlhre ALjC:F)* Z‘Acdtj\(; _ZWJ‘AJ%Q) =0.

Moveover, oy clivisov ot degirea O is principal. To gee this
[ed b s o divisor ond Du—gb = 4. We wlrhf-e.

b-’bl _Dz



whave D, D, ave ebdective of dzjlru,s d, , do s That
d=d,-d,. Let G be the lwaoj. &)ol'j- ob.surfloflnj D:.

(W’~ com fnd such G 9w o ivied. lrujlou/Squac,c i [Ph
wvr. b a todim owe hMog. privae iw h-'CKOJ"'_)'xh}) which

s Pvﬂac(foa(. L(,\L G\‘- be TV PVD(}»M.LJL o{'\' e C/olfve,gpm«\_dﬁﬂ
g,wwajrvvs)

B‘ﬁ abuge of Vbdi‘ah'lﬂn) whi'te (OHB’D(, So that
D = (Cﬂ\)“(c\z,).

~2
T ({):(C\,)—CO\L)‘JH) wlhere

H ¢ e hvpm,}oiow\e, %, =O.

. G
bd\.V\JL jtscaz,x:l

= D~ JH. n pavhenlar, i oujb=0, T
D~0, 9w D is principal. Thars U,‘&(ds e {;)((OW,Z_D:

?M; C( ﬂ)b\ < O.

'P_}ﬁ; Lt o(e.j DIvK—> L be tue du.\jlre.g fumchon,  whivh
s clearly 4 hovmomovphicm,  We  showed Mot Twe leving]
(s exactly ™o sef of  prncipal divisovs.  Thwes it iwdugg

Cvin T§6VIA, hj'-Cly — 7.0

EX: (it X be a schome ond Z2CX closed.  Set U= X-2.



£ Y CX is a prime divisow T YOAU is eitwer
empty ovr a prine diviscor o U (No’rc it can't hoave
greakr  codim: Ox,y ~ Ouy when twe gomuric  point A
N s i (A) Twus, we have a  Nowmomovphism

ClX —=Cly
SuY F— Judlinu)

whive we ighove empty Y OU. Note twat his 8 well-defind
sthee (£ -Fel‘((X)*J (\VOUN }ek(uy: S0 CJC)'_*CZF)

Every  pyine divisoy of U g T inkrsechion o U w( somg

pVimae Aivisoy (v XJ so map is %\Avdcc,'h've.

£ dim€ 22 tww € com't contain trny prime divikov
oA X, so T map (s am  isovmovphiem,

£ wwdime = od 2 is f"‘“‘f\,jm() T Twe k| of tue
map 15 guavated by T That s

0 — ClX —=Cy—0 it exact.
(— 2

(_;_)5: (£ %Q[P:_ ls & cuvve of ou_jre.e 4, omd U= HD:,‘ZJ

o

T we hanve Cl)(~/7 el Mt‘ma.j&o«@{ffsd)
o ClUZ wkr (T —=7)E Mg

[—d



Claim CLX TCI(X xA").
X x, A

P_ﬁ: See Hav G .G,

We'll wse Twis to calculate Twe class Jroup in Twe &l(owiv:j

eXOVVV\()U..

@(: kt Q he tae l/\,mz\sl'mju(au 1(,uzadln’(, suvface XY= w w
(Pi- Recall Mwat Q is Twe fVV\Aj-e. o Twa %e\jw_ owu\oco(d(rj

(P‘:xk P (’P:

(See TGx 2.6 in Harktharne. Do this pvoblem of aou‘ue e vey
dove # befove! )

Lt py, P2 he e \ovode.c,ﬁ'mns o Q onto Tue two fechs.
T v each pe, Wwe defiug a map

P — (@)
D=2ZnY; = pf D= Twi pi (1)

Note Hhat S'ih e v ju/\,urf(, Po:’m{‘ od Q VV\GPS b e
Wio Po\'vd- ot ﬂalj pi induces am inclusion ot ﬁ't,lds

K(P)—>K(Q)

0 18 Fe K(PY, we heve PI() =), making M

map a howomovphism.



et Y= E,'XB X lPl) x e P FoVine Po\'h"‘- po*

T Q‘Y =/Alepl md We
e(),@* a com po sitiown Lr

Cl P—-’CIQ —CI(A < P)

whith 18 Twe Isomovphism Aom above. Thus ‘o’; (ond pf)
Oure \'v\d'e_c,h've. We also hawve Twe exact %quence
77— ClO —CI(A xP)—o0.
[— Y
But 2P, w twis map is gwt pf ) 5 it's
l—> pt ?
ﬂ/\d’t chve Wms., we have

6 — « —P'—e LR — Cl(m'x P') —0

*
TFZ 7o
z =
Co b\a e Sph"f"h’lfj lemma. ClQ@ = [ Pf @ (m (.)f = 1D .

Fov My divisov D n ClQ) N~ (a, lo)J Some o, be M. Wwe
S ay D has fype (a,b).

Ex: Wi A’kc*ljﬂ}/(xj-i‘z)) md (et X bhe fwe Si"ju(av
quedvic  swfac X = Spec A



L+ Y ke cub our Iy
T\/\L ld—&.O\l (U J’é) ..............
Noke Twat Y hos codim

St e A Wey dimn 2 and

(1,?)5(?,3,2) T\"M) YV is a privaa divisov, ¢« we have

7— ClX =Cl(x-y) —o0

| — Y

x . .
CG\'\SI.d-LV 1-\/\.(_ (DCOQ.( V“’j @xJY = AC'J.%’) l ‘S a (/VV\I‘I‘) YO

e el rdeal s (y,2)= (2% %) = (2).

Twen v divigor ("ﬂ =2 sine '36(%32 in Oy V.

J

Note that set 'h/u.ove,h'é,al\lj) \/(‘3;3)=V('13J Siv e
2te (4), w  (4) =(4,2%). Taus,

X‘\{ =&]°-€»¢Al3

< kCx9,47,2) = -2
AV*\ C 59 /(‘XV“Z'L) D 9(-3'%_1 %5)

Ay 5 k(yq,47,2) ) which is a UFD, w c¢I(X-Y) =0

Ty, we  hove 70— C()() which g gu/u,mkd lma \/) ol
2\/ = 0. —ﬂ/\us_‘ we Ihave {_l"h/uw Clx=o ov 72'/2,/2.

Howevev, A ig fmkjralluj closed ([,l/\.((,k_(.) bhut not a UFD.



Twus, CLX+0, 5o ClX=%/4z.



